Wollo University
College of Natural Science
Department of Physics
Note on Mathematical Methods of
Physics 11



Contents

1 Vectors and Matrices 2
1.1 Algebra of Vectors . . . . ... ... ... L. 2
1.2 Vector Space, Basis vectors and components . . . . . .. . .. 4
1.3 Direction Cosines . . . . . . . . . .. ... 5

1.3.1 Angle between two vectors . . . . . ... ... ... .. 6
1.3.2 Components of a vector in terms of unit vectors . . . . 6
1.4 Matrix Algebra . . . . . . ..o 7
1.5 Solving Systems of Linear Equations . . . . .. ... .. ... 11
1.5.1 Numerical Evaluation . . . . . ... ... ... ..... 11
1.6 Coordinate transformation . . . . . . .. ... ... ... ... 16
1.7 The Eigenvalue Problem . . . .. ... ... ... ....... 19



Vectors and Matrices

1.1 Algebra of Vectors

1. Addition of Vectors
To find the sum of two vectors @ and b we draw them as a chain,
starting the second where the first ends: the sum ¢ is then given by the
single vector joining the start of the first to the end of the second. Or,
algebraically, the sum of two vectors @ and b is given by ¢, such that

¢=(a; +b;)i+ (a; + b;)j + (ar + by)k, where i, j, k are unit vectors.

What is the sum of the
vectors a, b, ¢, d, €7
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2. Subtraction of Vectors
e The Subtraction of a vector b from another vector @ is redefined
as the sum of @ and the negative of b. ¢=ad — b= a + (_5)
e The negative of a vector b is a vector with the same magnitude
and opposite direction.
3. Multiplication by a scalar
e [f we multiply a vector A by a scalar «, the result is a vector
B = «A, which has magnitude B = || A.

e The vector B , is parallel to A and points in the same direction if

a > 0.

e For a < 0, the vector Bis parallel to A but points in the opposite

direction. (anti-parallel)

4. Scalar multiplication
If A and B are two vectors, the scalar product of A and B is defined

as AB cosf. The dot product is meant as follows

A.B = Ax projection of B on A

or,= B X projection of A on B

5. Vector multiplication
The vector product of A and B is written as A x B and is defined as

a vector having a magnitude of ABsinf. In matrix product represen-
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tation

17k
AxB=|A, A A,
B, B, By

1.2 Vector Space, Basis vectors and compo-
nents

e A vector space is a set 'V of vectors such that with any two vectors a
and b in V all their linear combinations ad + ﬁl; are elements of V, and

these vectors satisfy the laws of addition and multiplication of vectors.

e The maximum number of linearly independent vectors in V is called

the dimension of V.
e Here we assume the dimension to be finite.

e A linearly independent set in V consisting of a maximum possible num-

ber of vectors in V is called a basis for V.

Fn 7 Ff

g

1

o Fy=—mgj
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° ﬁg = —mgsin 01’ — mgcos0j’
e The same force is expressed with different coordinates.

Here i and j, i’ and j’ are basis vectors.

Any 3 non parallel vectors can be basis vectors in 3D.

Orthonormal basis: All basis vectors are perpendicular to each other and

have unit length. Unit vectors are Orthonormal basis.

1.3 Direction Cosines

The direction of a vector in three dimensions is determined by the angles

which the vector makes with the axes of the reference.

a
cosa = —
r
b
cosff = —
,
c
cosy = —
,

Show that cos® a + cos? § + cos? v = 1
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1.3.1 Angle between two vectors

If a vector A has direction cosines [, m, and n, and vector B has direction

cosines I', m/, and n/, then the angle between A and B is determined by

cosO ="' + mm' + nn’

1.3.2 Components of a vector in terms of unit vectors
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Components of the vector 7 are the projection of 7 into the three directions.

=1yl +1yJ + 1.k
where 71, = rsinf cos ¢,
Ty = 7sinfsin ¢

r, =1rcosf

1.4 Matrix Algebra

Definition

e A matrix of order m X n is a rectangular array of numbers having m

rows and n columns.

a1 a2 ... Qip

21 9292 Aoy,
A=

Am1 Am2 ... Amn

e BFach number a;;, in this matrix is called an element.

1. Addition of Matrices:
If matrices A = (a;;) and B = (b;;) have the same order, the sum of

A and B is defined as A+ B = (a;; + bj)

2. Subtraction of Matrices:
If matrices A = (ajx) and B = (b;);) have the same order, the difference

of A and B is defined as A — B = (a;;, — bjx)
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3. Multiplication of a Matrix by a Number:
If A= (aj;) and X is a number/scalar then multiplication of A by A is
defined as AA = Aajj,

4. Multiplication of Matrices:
If A= (a;)isan mxnand B = (bj) is an n X p matrices the product

of A and B is defined as AB = C = c¢j;, where

n
Cjk = Z ajlblk
1=1
The dimension of C is m X p
5. Determinant:
The determinant of an n X n matrix can be expressed by the summation

over any row or column,

n

_ 2 : 1)tk AL

Dn— a]k( 1) M]k
k=1
n

_ j+k

or, D, = E ajr(—1)"" My

Jj=1

where Mj, is the determinant produced by striking out row j and col-
umn k of the original determinant.

This technique is called expansion in minors.

Example Calculate the determinant of the matrix

0 1 0 O

-1 0 0 O
A=

0 1 0 1

0 0 -1 0
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Solution: Expanding across the top row, only one 3 x 3 matrix survives

0 -1 0

Now expanding across the second row, we get D = —1(1)(—1)?"3Myz =

-1 0
=1
0 -1

6. Inverse Matrix:

e For a square matrix A there will be a matrix B such that AB = 1.
Matrix B is called inverse of A. The formula for (A)~! is

-1 _ (_1)j+kMkj
(A = det(A)

e Gauss - Jordan matrix inversion
Our strategy will be to write, side by side, a matrix A and a unit
matrix of the same size, and to perform the same operations on
each until A has been converted to a unit matrix, which means

that the unit matrix will have been changed to A~1.

Example Invert the matrix

321
A=12 31
11 4
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We start with

3 21 1 00
2 3 1]land |0 1 0
11 4 0 01

We multiply the rows as necessary to set to unity all elements of the

first column of the left matrix:

2 1 1
121 1o o0

3 1 1
L5 g|oand|0 5 0
11 4 00 1

Subtracting the first row from the second and third rows, we obtain

2 1 1
12! 19 0

5 1 1 1
0§ g|and|—3 5 0

1 11 1
03 3 -3 01

Then we divide the second row by 5/6 and subtract 2/3 times it from
the first row and 1/3 times it from the third row. The results for both

matrices are

1 3 2
10 3 5 —5 0
01 {]aend| -2 2 0

18 1 1
00 % —5 ~5 1

We divide the third row by 18/5 . Then as the last step, 1/5 times the

third row is subtracted from each of the first two rows. Our final pair
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18

11 7 1

100 18 18 18
-1 _ 7 11 1

nd A ¥/ /=] -2 L _1

0 1 0fa d’ 18 18 18
1 1 5

001 18 18 18

1.5 Solving Systems of Linear Equations

1.5.1 Numerical Evaluation

1. GAUSS ELIMINATION
The Gauss technique is to use the first equation to eliminate the first
unknown from the remaining equations. Then the (new) second equa-
tion is used to eliminate the second unknown from the last equation.
In general, we work down through the set of equations, and then, with
one unknown determined, we work back up to solve for each of the
other unknowns in succession.

Solve the following system of equations.

3x+2y+2=11
20 +3y+ 2 =13

r+y+4z=12

Solution
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e We divide each row by its initial coefficient to get

L2011
T+ -y+-z=—
3/ T 3773

L3, 113
TTRYTSr T

r+y+4z =12

e We eliminate x from the second and third equations by subtracting

the first equation from each of the others:

L2001
TTRYT3E Ty
L1

— -7 = —
6/ "6 6
Lo %

— —_ = —
3973 3

e Then we divide the second and third rows by their initial coeffi-

clents:

2 1 11
x+§y+§z:§
17
y—i—ngg

y+ 11z =25

e We use the new second equation to eliminate y from the third

equation, which can then be solved for z:

Q201
T+ -y+-z=—
33773
Ll
- = —
YT~

54 108
—Z=— —z=2

) )



Vectors and Matrices

e Going back to second and first equations we get, y =3 and z = 1

Remark:

e In the above process the original determinant

3 21
D=2 3 1
114

was divided by 3 and then by 2, and was multiplied by 6/5 and
then by 3.

e So, to recover the original determinant we go the reverse process,

1 2 1
510 2 % 554
D = (3)(2)(2)(= =222 _ 18
@b 1 =22
00 %

Example Solve the following system of equations using matrix inversion.

3x+2y+z=11
20 +3y+2z=13

r+y+4z =12
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We rewrite the system as

AX =C
32 1)\ [z 11
=123 1||y|l=1]13
11 4] \z 12
Then,
X=A"C
11 7 1
_ 7 11 1
o KA e e e
1 1 5
z 5 1w ) \I?
T 1
yl1 =13
z 2

2. Cramer’s Rule We are now ready to apply our knowledge of determi-
nants to the solution of systems of linear equations. We see that the
solution for x; is 1/D times a numerator obtained by replacing the "
column of D by the right-hand-side coefficients, a result that can be
generalized to an arbitrary number n of simultaneous equations. This
scheme for the solution of linear equation systems is known as Cramer’s

rule.
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That is, if
171 + A2To + A3T3 = hl
bll‘l + bgiL‘Q + b3£L’3 = hg
171 + Cay + c3x3 = hg
then,

hl o Aasg
1
€Ty = 5 hz b2 b3
hg Cy C3
ar hi as
1
To = E bl hg bg
C1 hg C3
a; ag ]’Ll
1
xr3 = 5 bl bg hg

C1 Co hg
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Example Solve the following system of equations using Cramer’s rule

3r+2y+z=11
20+ 3y + 2z =13

r+y+4z =12

We know the determinant of the matrix of coefficients is 18. So, we

have

112 1
_ ! _Ltigy
r=1o13 3 1= gl8=
12 1 4
311 1
1 1
y=1g[2 13 1= g54=3
1 12 4
3 2 11
I L S
P2 3 B =t
11 12

1.6 Coordinate transformation
Consider a rotation of the coordinate axes in 2D.

e We wish to find how the components A, and A, of a vector A in the
unrotated system are related to A} and Aj, its components in the

rotated coordinate system.
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singe’,

cosfe’, —singe’,

e But it is easiest if we start with unit vectors, expressing the unit vectors,

e, and e, in terms of the new ones, ¢, and e

€y = €, COS P + €, sin ¢
But e, cos ¢ = €/, cos ¢ and e, sin ¢ fits with —e; sin ¢

ex = COs Pe;, — sin pe;,
Similarly,

ey = sin pe;, + cos ¢e),

e In matrix multiplication formula

€x cos¢p —sing) (e,

ey sing  cos¢ e
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e An instructive way of writing the transformation is to rewrite those

equations as

er = (eg.€)el + (em.e;)e;

ey = (ey-€)e;, + (ey.e;)efy

e For a transformation matrix S, e = S’¢’

/ /

e e, e .e;
S =" Y

/

/
€p€y €.y

e Therefore for any vector A the transformation takes

A=S5A" or,
A'=SA where,
e .e, e .e e .e, €.e
/ xr°-T Yy T o €T x Y
S = / / .S =
en.ey € .6y, e .y € .6
e In 3D we have
/ / ! ! ! !
€l €€y €. el.ey; €h.e, €€,
I / / / — / / /
S = €y €y €€y , S €y-Cr €.y €.€;
/ ! / / / /
€€ €6, €.e; e,.e, €.e €.e,

e Example: Consider three successive rotations in 3D.

— The coordinates are rotated about the es; axis counterclockwise

through an angle « in the range 0 < o < 27

— The coordinates are rotated about the ¢, axis counterclockwise
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through an angle 3 in the range 0 < g <m
— The coordinates are now rotated about the e} axis counterclock-

wise through an angle ~ in the range 0 < v < 27

e (Calculate the transformation matrices and the overall transformation

matrix

e.e, €.e, e.e, cosa sina 0
S1=|e.e, e.e e.e,|=|-sina cosa 0
1 yCe €,.Cy €€
/ / /
€,.x €,.ey €., 0 0 1
" " ! " ! 4
Cp-Cy €peCy €€ cosff 0 —sinf
Sy=|ele e'e ele | = 0 1 0
yCr Gy Gy Gy
n n n :
€6, €,.€, €,.€, sinf 0 cosf
ey ey ey ey.el cosy siny 0
Ss=|eyel erer erel | =|—siny cosy 0
" n " n " n
e, €y €,.e, €, .€; 0 0 1

1.7 The Eigenvalue Problem

Let A = (aji) be an n X n matrix and X a column vector. The equation

AX = A\X, where X is a number, is called an eigenvalue problem.

e Rewriting the eigenvalue problem as

(A—A)X =0

e This equation will have a non-trivial solution only if

det(A— A1) =0
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e The solutions X of this equation are called eigenvectors and the corre-

sponding values, A\ are eigenvalues.

Example

Find the eigenvalues and normalized eigenvectors for the matrices.

_2\/5

A=
V5 —6
and
010
B=110 0
00 2
Solution
Mo=-1, Xy = Do=-T7 Xo=|



